A hierarchy of dynamic equations for solid isotropic functionally graded circular cylinders is derived based on the three dimensional elastodynamic theory. The material parameters are assumed to vary in the radial direction. Using Fourier expansions in the circumferential direction and power series expansions in the radial direction, equations of motion are obtained for longitudinal, torsional, flexural and higher order motion to arbitrary Fourier and power orders. Numerical examples for eigenfrequencies and plots on mode shapes and stress distributions curves are presented for simply supported cylinders for different material distributions. The results illustrate that the present approach renders benchmark solutions provided higher order truncations are used, and act as engineering cylinder equations using low order truncation.
Introduction
Functionally graded (FG) materials are non-homogeneous composites in which the properties change gradually in one or several directions. This continuous variation may be used as an alternative to laminated structures, and may thus eliminate the risk for delamination failures. The FG composites are usually made of a mixture of metal and ceramic phases, where the strength of the metal and the heat resistance of the ceramic make these materials popular in many different fields of engineering [1, 2] .
The majority of work on FG structures considers basically two dimensional structures such as plates and shells, where the material parameters in most cases vary over the thickness. Of particular interest for the present work is the special case on FG cylindrical shells, where [3, 4, 5, 6] adopt classical, first and third order theories, while 3D based solutions are studied in [7, 8, 9, 10, 11] . Reviews on work for FGM shell structures are presented in [12, 13] For structures such as flexural beams, torsional bars and longitudinal rods, the number of publications using functionally graded material properties is considerably lower compared to plates and shells. In the case of beams, there are some studies using statics [14, 15, 16] , although most work consider dynamical effects. Here, analytical or semi analytical vibrational studies are presented in [17, 18, 19, 20, 21, 22, 23, 24] for Euler-Bernoulli, Timoshenko and higher order beam theories. Various numerical methods (finite element, meshless methods) have also bee adopted [25, 26, 27, 28, 29] . Among these works on beams only [15, 20] consider beams with circular cross section, while the rest deal with beams of rectangular cross section. In particular, vibrations of a Timoshenko like beam is studied in [20] .
As for FG torsional bars and longitudinal rods with circular cross section, there seem to be only a few studies. Examples for torsional bars are [30, 31, 32, 33] for statics, while for axisymmetric rods one has [34, 35, 36, 37] considering various material configurations.
The present work on FG cylinders is an extension to earlier work adopting a power series approach for homogeneous cylinders [38, 40, 41] . The method is based on the three dimensional elastodynamic theory for a cylinder with radially varying material properties. Adopting Fourier series expansion in the circumferential direction and power series expansions of the displacement fields in the radial direction, sets of recursion relations are constructed for each Fourier mode. By using these recursion relations, all higher order displacement fields may be expressed in terms of the lowest order expansion functions without performing any truncations. This procedure is exact and may be performed to arbitrary order for each Fourier mode. By stating the radial boundary conditions on power series form, these boundary conditions represent sets of partial differential equations that constitute the complete set of cylinder equations. Using variational calculus, the end boundary conditions are obtained in an equally systematic manner. Hereby complete sets of cylinder equations may be derived to an (in principle) arbitrary order for the various Fourier modes (longitudinal, torsional, flexural, etc.). Higher order sets of time domain equations may be used for benchmark solutions to three dimensional FG cylinder problems, while lower order sets may be used as alternative engineering equations.
Numerical results are presented for simply supported cylinders for axisymmetric, torsional and flexural motion. The material distribution is assumed to vary using a power law in the radial direction. The results comprise eigenfrequencies and cross sectional fields using different truncation orders. Based on these results the low order cases may be used as approximate engineering FG cylinder theories while the higher order theories act as benchmark theories converging to the exact 3D solution.
Governing equations
Consider an isotropic and linearly elastic circular cylinder with radial coordinate r, circumferential coordinate θ and axial coordinate z. The corresponding radial, circumferential and longitudinal displacement fields are denoted by u, v and w. The cylinder is inhomogeneous where the material parameters may vary in the radial direction: density ρ(r) and Lamé parameters λ(r) and µ(r). The three dimensional elastodynamic cylinder equations are written
where the stresses are
Series expansion and recursion relations
In order to derive sets of partial differential equations for FG cylinders, the displacement fields are expanded in both the radial and the circumferential directions. In the latter case, consider Fourier series expansion as
where the angle θ is measured from a vertical axis in a plane through the cross section of the cylinder with a horizontal axis, as defined in [39] . Consequently, the case m = 0 corresponds to the axisymmetric motion with coupled radial and longitudinal displacements, u and w respectively. For all modes m > 0 there are coupling among the three fields. Of particular interest is the case m = 1 for flexural motion in the vertical direction. By interchanging cos mθ and sin mθ in Eq. (3), purely torsional motion v is stated for m = 0.
In the radial direction the displacement terms are expanded in power series. The Fourier expanded displacements fields may be written according tõ
where the indexes are such that for u k,m (z, t), k connects to the radial expansion order, while m connects to the circumferential Fourier expansion order.
Here the construction of the radial power series indexes are based on the relation [41] 
which becomes apparent from the recursion relations Eqs. (14)- (16) .
As for the radially varying material parameters, it is assumed that these may be expanded in Taylor series
where f covers the parameters {ρ, λ, µ}, see more in Section 5.1.
The expressions for the stresses follow directly from Eq. (2) using Eq. (4) and Eq. (6). Hereby {σ rr , σ θθ , σ zz , σ rz } are expanded in cos mθ and {σ rθ , σ θz } are expanded in sin mθ. Hence the stresses may be written
ij,m (r, z, t){cos mθ; sin mθ},
4 using either cos mθ or sin mθ according to above. The Fourier modes becomẽ
where a prime denotes a z-derivative. The stress terms with negative powers of r appearing for m = 0 and m = 1 may be shown to be zero from the recursion relations below Eqs. (14) - (16) in line with [41] .
Insertion of the stress series expansions Eqs. (8)- (13) and the displacement series Eq. (4) together with the density series Eq. (6) into the governing equations of motion Eq. (1) gives power series expansion equations in the radial coordinate r for each Fourier mode m. By collecting equal powers of r, the solution of the equation system for each power yields the recursion formulas 
for p = 0, 1, . . . , k using that a i are functions of {k, m, λ 0 , µ 0 }. Here all negative powers of the material parameters have been disregarded according to Eq. (6).
The case k = 0 is trivially fulfilled for these equations using Eq. (5) provided that
This constraint was also reported for the homogeneous rod [41] .
Proceeding for k ≥ 1 by first solving Eqs. 
Hierarchies of FG cylinder equations and boundary conditions
This section aims at deriving the dynamical cylinder equations through the lateral boundary conditions and the pertinent end boundary conditions.
Dynamic cylinder equations
Consider a cylinder of length L and radius a. At each point on the lateral surface r = a, either the displacement or the traction is to be prescribed in each coordinate direction. These given fields are denoted by {û r ,û θ ,û z } and {t r ,t θ ,t z } , respectively. Performing a Fourier series expansion for each term readŝ
using either cos mθ or sin mθ according to Eq. (3) and Eq. (7). So by using Eq. (3) at the lateral boundary, the displacement boundary conditions for each m becomẽ
adopting the series ansatz Eq. (4). Similarly, for the stresses using Eq. (7) the traction boundary conditions for each m becomẽ
adopting the series ansatz Eqs. (8), (11) and (12) respectively.
These lateral boundary conditions (22)- (23) constitute for each z a set of partial differential cylinder equations of motion that may be truncated to any order. Hence, by stating one of the fields for each of the three pairs {t r ,û r }, {t θ ,û θ }, {t z ,û z } along the lateral surface, a set of three equations forming a hierarchy of approximate cylinder equations is obtained. Adopting the recursion relations (14)- (16), these cylinder equations are expressed as a set of equations in terms of the mutually independent lowest order index terms.
End conditions
Consider prescribed end conditions where either displacements {û r ,û θ ,û z } or tractions {t r ,t θ ,t z } or combinations thereof are to be stated on z = {0, L}. Variationally consistent end boundary conditions are obtained adopting a generalized Hamilton principle described previously for homogeneous cylinders in [40, 41] . The method is based on stating virtual displacements and tractions, and using integrations over the end cross sections for each Fourier mode as
t r,m ±σ rz,m δũ m rdr = t θ,m ±σ θz,m δṽ m rdr = t z,m ±σ zz,m δw m rdr = 0,
where the notation ± in (25) refers to the left/right end. Here the Fourier mode notation as in (21) has essentially been adopted, but now withû i,m (r, t) andũ m (r, z, t) etc. on z = {0, L}. By applying the power series expansions for the displacements Eq. (4) and the stresses Eqs. (10), (12) and (13), three sets of equations at each end are to be solved from Eqs. (24)- (25) .
In order to illustrate the end condition procedures, consider prescribed normal traction t z,m at z = L. To this end, introduce the notation for the stressσ zz,m (r, L, t) in Eq. (10) asσ
Using this together with Eq. (4) for thew m field in the last integral in Eq. (25) results in
By performing the radial integration for each independent virtual displacement δw m+j,m , the resulting equation system may be solved for every σ zz,{m,i} term. More specifically, assuming truncation order N gives
where it is straightforward to derive the N+1 boundary fields σ zz,{m,i} (L, t), (i = 0, 1, · · · , N), from the N + 1 integrals in Eq. (28) . In the special case of m = 0 one obtains N − 1 stress terms σ zz,{0,i} (L, t) for j up to N − 2, while m = 1 renders N stress terms σ zz,{1,i} (L, t) for j up to N − 1 since the singular terms σ zz,{0,0} = σ zz,{0,1} = σ zz,{1,0} = 0 from the recursion relations. Note that the homogeneous boundary caset z,m (r, t) = 0 results in σ zz,{m,i} (L, t) = 0 for all i. These boundary stress fields are then expressed in the displacement terms of various orders appearing in Eq. (10), which in turn may be written in the lowest order displacement fields adopting the recursion relations Eqs. (14)- (16) . The other possible stress and displacement boundary cases are treated in an analogous way.
Consequently, by adopting this procedure a wide range of end boundary conditions, both homogeneous and non-homogeneous, may be studied. Of particular interest is the standard cases such as free or clamped ends. Following the procedure outlined above, the series terms for a free end at
Numerical results
In order to illustrate the present method applied to vibrational problems on FG cylinders, eigenfrequencies and eigenmodes are to be calculated varying the truncation order N for different geometries and material distributions for torsional, axisymmetric and flexural motion. Consider only the standard case of free lateral surface, that is the prescribed
. Consequently, the cylinder equations of motion for a fixed m are obtained through the three partial differential equations Eqs. (8), (11) and (12) at r = a, together with the recursion relations Eqs. (14)- (16).
As for the end boundary conditions, consider only mixed boundary conditions (simply supported), that is the prescribed fieldsû r,m (r, t) =v r,m (r, t) = 0 andt z,m (r, t) = 0 on z = {0, L}. Using the procedures stated in Section 4.2, this results in homogeneous series expansion terms u m+i−1,m (z, t) = v m+i−1,m (z, t) = 0 and σ zz,{m,i} (z, t) = 0 for all i on z = {0, L}. It should be noted that it is possible to handle other boundary conditions numerically, e.g. free or clamped ends [41] , albeit the simply supported case is the simplest.
Material parameters
The are several micromechanics models for various FG materials constitutions that have been developed. In the present work consider a two-phase composite where the cylinder core is of aluminum while the ceramic lateral surface acts as a thermal barrier made of silicon carbide [42] . The material constants for aluminum are E a = 70 GPa, ν a = 0.3, ρ a = 2702 kg/m 3 while one has for silicon carbide E c = 427 GPa, ν c = 0.17, ρ c = 3100 kg/m 3 . These properties are related to the Lamé parameters through
The material distribution in the radial direction follows the power law, and the ceramic phase varies as
where the power index p is a positive number. Note that the volume fraction law reads V a + V c = 1. Hence, for p = 0 the cylinder consists of pure ceramic, and the metal influence increases as p increases. The effective mass density is assumed to be modeled using the Voigt model ρ(r) = ρ a V a (r) + ρ c V c (r), while the Lamé parameters follow from the Mori-Takana model [43] 
where K = λ + 2µ/3 is the bulk modulus.
Hereby, it is straightforward for the cases studied below to expand the material fields ρ(r), λ(r) and µ(r) in radial Taylor series in line with Eq. (6).
Torsional mode, m = 0
For the purely torsional case, the circumferential displacement field is uncoupled from the other two displacement fields. From Eqs. (3)- (4) the displacement becomes
and is thus independent of the circumferential angle θ. The single cylinder equation of motion is obtained from the free lateral surface conditionσ rθ,0 (a, z, t) = 0 in Eq. (11) . Since the recursion relation Eq. (15) shows that v 0,0 = 0, Eq. (11) reduces to
for k = 0, 1, . . .. Hence, all higher order fields may be expressed in terms of v 1,0 and derivatives thereof. The end boundary conditions become v i+1,0 (z, t) = 0 for all i on z = {0, L}.
Consider the three lowest eigenfrequencies for two different cylinder lengths; L/a = 20 and L/a = 10. The results are for various power indexes p and truncations orders N as noted in Tables 1 and 2 using the non dimensional frequency Ω n = ω n a/c c , where the velocity c c is for the ceramic silicon carbide defined as c c = E c /ρ c .
It is clear from these two tables that rather high truncation orders are needed to render accurate results; this differ considerably from the homogeneous case where accurate results are obtained already for the first few truncations orders [41] . As the power order p is increased, more terms are needed to render accurate results due to the more complex material variation. It is interesting to note to what extent the higher power orders p influence the eigenfrequencies for the lower order truncations. Clearly, the truncation order must reach a certain level so that the effects from the power orders p are displayed in the equations of motion. Table 2 : Torsional mode L/a = 10.
The differences among the truncations for the lowest eigenmode may be illustrated by studying the mode shapes and stress distributions over the cross section at z = L/2 for the p = 5 case. The eigenmodes are normalized so that the maximal displacement v is equal to unity at r = a and z = L/2.
The differences among the truncation orders are very small for the displacement v, where the displacement increases almost linearly with increasing radius in all cases; this result is not displayed here. As for the stress distributions, the shear stresses are presented in Figure 1 . It is seen that the truncation orders affect the accuracies; in Figure 1 (a) most notably at the peak level, while in Figure 1 (b) as approaching the surface. Note in Figure  1 (a) that the lowest presented order N = 5 is close to zero for all r, and that the free surface boundary condition is fulfilled for all orders. 
Axisymmetric mode, m = 0
For the purely axisymmetric case, there is a coupling between the radial and longitudinal displacement fields. From Eqs. (3)- (4) the two displacements become
and thus independent of the circumferential angle θ. The coupled cylinder equations of motion areσ rr,0 (a, z, t) =σ rz,0 (a, z, t) = 0 from Eqs. (8) and (12) together with the recursion relations Eqs. (14) and (16) . From Eq. (14) it is seen that u 0,0 = 0 which causes all higher order fields to be expressed in terms u 1,0 and w 0,0 and derivatives thereof. The simply supported end boundary conditions become u i+1,0 (z, t) = 0 and σ zz,{0,i} (z, t) = 0 for all i on z = {0, L}.
As for the torsional case, the three lowest eigenfrequencies for various power indexes p and truncations orders N using the length to radius relation L/a = 20 and L/a = 10 are presented in Tables 3 and 4 .
The convergence rate resembles the torsional case, where the eigenfrequencies are slightly higher for the axisymmetric case as expected [40, 41] . The pattern that a certain truncation order is needed in order to influence the eigenfrequencies as the power order p is increased is also seen here. It is surprising that the convergence error when increasing the power order N does not always decrease in a monotonic manner as for the torsional case. This effect is seen for the second and third eigenfrequencies, especially for the less slender cylinder L/a = 10 in the vicinity of N = 6. Note that contrary to all the other cases, the third eigenfrequency for p = 1 and N = 3 marked by * in Table 4 has an imaginary part that is The mode shapes for the lowest eigenmode at z = L/2 for p = 5 are illustrated in Figure  2 . Here, the eigenmodes are normalized so that the maximal longitudinal displacement w is equal to unity at the center r = 0 and z = L/2. The differences among the truncation orders for the almost linear variation of the radial displacement u are rather small, Figure  2 (a), while the longitudinal displacement w shows more pronounced variations, Figure  2 (b). As for the stress distributions given in Figures 3 and 4 , the normal stresses in Figure  3 show in both cases a similar pattern for the different approximations. Clearly, higher order truncations are needed to capture the behaviour close to the surface. The different truncations show more variation in Figure 4 , albeit all orders fulfil the free surface boundary condition. Similar to the torsional case for σ rθ the lowest presented order N = 5 is close to zero for all r in the shear stress σ rz in Figure 4 (b). 
Flexural mode, m = 1
For the flexural case, there is a coupling between all the displacement fields for that Fourier mode. From Eqs. (3)- (4) the displacements become
The equations of motion for flexural motion are obtained from the free lateral surface conditionsσ rr,1 (a, z, t) =σ rθ,1 (a, z, t) =σ rz,1 (a, z, t) = 0 from Eqs. (8), (11) and (12) . As v 0,1 = −u 0,1 from Eqs. (14) and (15) separately, all higher order fields are to be expressed in terms of u 0,1 , v 1,1 , and w 1,1 using the recursion relations Eqs. (14)- (16) . Regarding the end conditions, these become u i,1 (z, t) = v i,1 (z, t) = 0 and σ zz,{1,i} (z, t) = 0 for all i on z = {0, L}.
In line with the previous torsional and axisymmetric cases, the three lowest eigenfrequencies for various power indexes p and truncations orders N using the length to radius relation L/a = 20 and L/a = 10 are presented in Tables 5 and 6 .
As expected the eigenfrequencies for each frequency order Ω i in this case are lower than the corresponding ones in the previous cases in Tables 1-4 . The convergence rate resembles the axisymmetric case presented in Tables 3 and 4 . In this flexural case, the discrepant values for N = 3 for indexes p = 2 and up are notable. Besides that, the convergence errors generally decrease in a monotonic manner when increasing the power order N. Table 6 : Flexural mode L/a = 10.
The mode shapes u and v for the lowest eigenmode at z = L/2 for p = 5 are illustrated in Figure 5 . In this case, the eigenmodes are normalized so that the maximal radial displacement u is equal to unity at r = a and z = L/2. The variation among the different truncation orders are more pronounced for v in Figure 5 (b) compared to u in Figure  5 (a). As for the longitudinal displacement w the displacement varies almost linearly for all truncation orders with small differences among the different orders; this result is not displayed here.
As for the normal stress distributions given in Figure 6 , these results resemble the axisymmetric ones in Figure 3 , albeit that Figure 6 (b) is even more similar to the shape of σ θz for the torsional case in Figure 1(b) . The rest of the stresses are displayed in Figures 7 and 8 . As before, all orders fulfil the free surface boundary condition in Figures 7 and 8 (a). 
Comparison to beam theory
In order to validate the presented results, comparisons are to be performed with results from the literature. There are, to our knowledge, very few eigenfrequency results reported for FG solid cylinders for any of the various modes considered herein (torsional, axisymmetric and flexural motion). However, one such case is the eigenfrequency results for FG beams studied by Huang and Li [20] using a Timoshenko like theory. Table 7 illustrates some of the results reported in [20] , denoted HL, together with the corresponding mode results using the present theory for a few of the lower truncations orders as well as high order.
The material phases used in [20] are aluminum and zirconia, where the ceramic radial distribution follows from Eq. (29) , while the material parameter variations are modeled using the Voigt model.
It is clear from the results that the Timoshenko like theory [20] (using methods based on integration over the cross section) render similar or better results than the present lowest order theories (using term by term series expansion of the governing 3D equations). The N = 3 results are very similar to HL for p = 5, while being inferior for p = 1. The N = 5 case is of the same accuracy order as the HL case. A similar accuracy behavior was presented in the homogeneous beam case [41] . It could be noted that the present series expansion theories always fulfil the homogeneous boundary conditions (to all orders), which is not generally the case for Timoshenko like theories.
Conclusion
This work considers a hierarchy of dynamic equations for solid isotropic functionally graded circular cylinders. The FG material is such that the density and the Lamé parameters are assumed to vary in the radial direction. The adopted approach starts from the three dimensional elastodynamic theory using Fourier expansions in the circumferential direction Table 7 : Flexural mode L/a = 10 using theory due to Huang and Li (HL) [20] and present theory for different truncations order.
and power series expansions in the radial direction. A hierarchy of variationally consistent partial differential equations and pertinent end boundary conditions are obtained for FG cylinders for different circumferential orders.
The three lowest eigenfrequencies are calculated for torsional, axisymmetric and flexural modes for different FG constitutions. In each case the highest presented truncation order is such that the corresponding eigenfrequency calculation has converged. Hence, this shows that these higher order theories may act as benchmark solutions in line with the results for plates [43] and shells [8] using similar approach. For the lower order expansions, these equations may act as simpler engineering cylinder equations. It is seen here that modest to high order truncations are in most cases required to render results that are of adequate accuracy. This differs to the homogeneous cylinder case studied in [40, 41] where low to modest order truncations are sufficient. There are also significant differences between homogeneous and FG cylinders regarding the mode shapes and stress distributions for the first mode in each case (torsional, axisymmetric, flexural). It should be stressed that although the presented benchmark solutions have not been confirmed correct, the corresponding eigenfrequency results in the special case of homogeneous structures are in line with the 3D results presented in the literature [40, 41] .
Possible extension on the present work is to study FG cylinders where the material properties vary in circumferential or longitudinal directions. The fundamentals for such formulations may be developed using methods similar to the ones outlined in the present paper, but the systematic organization and solutions of such equations may differ considerably to the present work. Preliminary results for the circumferential case show that sets of cylinder equations are readily obtained, albeit the various circumferential orders couple in a non trivial manner. Hopefully this issue will be resolved in the near future.
